The degeneracy of the clockwise-and counterclockwise-traveling waves in a ring laser can be eliminated by linearly coupling the two waves by means of backscattering, which leads to a frequency splitting of the normal modes. In a theoretical treatment of this effect we stress the use of a standing-wave representation. We present, in particular, numerical results for the case in which the linear coupling is not much larger than the nonlinear coupling associated with gain saturation. We report experimental evidence of frequency splitting by analyzing the optical spectrum of a bidirectional ring dye laser with backscattering. The experimental results are in good agreement with the theoretical predictions.
INTRODUCTION
The effects of backscattering in ring lasers have attracted a great deal of interest during the past two decades. Backscattering can give rise to locking phenomena if the ring laser is used as a gyro. 3 Backscattering can also modify the intensity correlations of the counterpropagating beams4 7 and can cause in particular oscillatory instabilities or intensity oscillations. 4 '" Christian and Mandel investigated the intensity correlations of the two counterpropagating modes of a He-Ne ring laser in the presence of backscattering. 4 ' 5 They found that the two mode intensities were oscillating in antiphase for certain detunings of the laser frequency with respect to line center. Khlke 8 investigated intensity oscillations in a ring dye laser with backscattering. He found that a critical backscattering coefficient r, exists, below which intensity oscillations do not occur. A comprehensive theoretical treatment of a ring laser with backscattering that, at least formally, includes all these effects, was given by Menegozzi and Lamb.' 2 Note also that there are interesting connections of the behavior of a passive ring cavity with backscattering1314; for a tutorial review see Ref. 15 .
It is our intent to show that these intensity oscillations have a direct physical interpretation when a basis of standing-wave eigenmodes is used instead of the more popular basis of traveling-wave eigenmodes. 4 5 ' 5 " In a standing-wave picture, the intensity oscillations are due essentially to a beat of the two simultaneously oscillating standing-wave eigenmodes. For small values of backscattering, this simple interpretation breaks down, since the nonlinear gain saturation enters the problem; this factor can lead to anharmonicity and even to extinction of the beat. We substantiate the usefulness of the standingwave picture by presenting experimental optical spectra of a bidirectional ring dye laser with backscattering, thus directly displaying the normal-mode splitting. Similar experiments on He-Ne ring lasers have been published elsewhere. ' 6 This paper is organized as follows. In Section 2 we review the equations of motion for the amplitudes of the counterpropagating traveling waves of a ring laser with backscattering. First we treat the passive ring resonator and then the active one, discussing the effect of backscattering in a standing-wave representation. In Section 3 we discuss numerical calculations for the regime in which the strength of the linear coupling is comparable with the strength of the nonlinear coupling, i.e., r r. Section 4 presents the experimental results obtained for a bidirectional ring dye laser with an intracavity backscattering element. We distinguish the cases of single-longitudinal-and multilongitudinal-mode oscillation. Finally, in Section 5 we summarize our findings and draw some conclusions.
THEORY
We start by presenting the standard third-order coupled equations of motion for the amplitudes of the travelingwave modes in a bidirectional ring laser with backscatterig 4, 17, 18 Ecw = (a - 
where we use cw (clockwise) and ccw (counterclockwise) as indices to emphasize that we are using the traveling-wave representation. These equations are nonlinear because of gain saturation. Pcw and ECW are the complex amplitudes of the counterpropagating beams; these beams have a
In the absence of backscattering (i.e., W.. = *. = 0) the only coupling of the two waves is the nonlinear one because of the gain saturation. The behavior of the solutions of Eqs. (1) and (2) is then governed by the value of the mode-coupling parameter . The regimes > 1 and f < 1 are the strong-and weak-coupling regimes. Strong coupling leads to the extinction and weak coupling to the enhancement of the weaker of the two oscillating modes. For t = 1 the nonlinear coupling is neutral because the total saturation is the same for each mode.
For a homogeneously broadened gain medium, e.g., a high-pressure ring gas laser or a ring dye laser, one has = 2 independent of the detuning of the cavity mode from line center. The cross saturation of the cw and ccw traveling waves is twice as large as their self-saturation, which causes the ring laser to switch bistably between the cw and ccw modes of oscillation. 2 3 2 4 For a dominantly Doppler-broadened gain medium, e.g., a He-Ne ring laser, t depends on the detuning; in this case < 1, where the equality sign holds when the laser is tuned to line center. For this type of laser both cw and ccw modes are oscillating simultaneously.
For completeness we note that the pump parameter and the mode-coupling parameter are generally complex quantities that incorporate the effects of frequency mode pulling and pushing. However, in our discussion we neglect the influence of the dispersion of the active medium. This implies in fact that the spectral selectivity of the cavity is relatively small 25 ; for a gas laser it implies that the detuning with respect to line center is assumed to be small.
A. Passive Ring Resonator
In order to discuss the effects of backscattering, we first consider a passive lossless ring resonator with backscattering; i.e., we set the pump parameter, the saturation, and the mode-coupling constant equal to zero. Equations (1) and (2) then reduce to a system of linear equations, which can be conveniently written with matrix notation in the following form:
If we were to consider a ring resonator with losses, the damping rates of the two traveling-wave modes would enter as diagonal elements in the dynamic matrix K. We begin with two special cases.
If Wc, = W(w*, the dynamic matrix K is Hermitian; in that case K has real eigenvalues ±j cIwj, and energy is conserved in the backscattering process. This kind of linear coupling is called conservative. 2 6 The eigenmodes are two standing waves that have different frequencies 0 = + IWcrwl, where is the carrier frequency; so there are two eigenmodes with a frequency splitting of AX = 2Iccwj.
If tcc = -Ww*, the matrix K is anti-Hermitian; in that case K has imaginary eigenvalues ±ijWccwl and energy is not conserved in the backscattering process. We call this kind of coupling dissipative. The eigenmodes are two standing waves with the same frequency but different damping rates, y = IWC-1.27
The relation between the definitions given above and similar ones used by KiUhlke 8 and by Christian and coworkers where I and 2 are the phases of the backscattering. Note that the nature of the coupling corresponds to the phase relation of the backscattering terms. From Eqs. (4) and (5) we can see that, e.g., conservative coupling (WC, = Wcw*) corresponds to the condition 4 5 R 1 + R 2 * = 0 and, equally, to the condition' P 2 -T 1 = (2k + 1)ir; this condition is also known as off-phase backcoupling.
In the general case we deal with a combination of conservative and dissipative coupling; an analysis along the directions outlined above is still possible, since the dynamic matrix K can always be written as the sum of a Hermitian matrix and an anti-Hermitian one.
For a ring resonator of length L the complex backscattering rate W is given by W = (Drc/L)exp(iqi). Here r is the amplitude reflectivity of the backscattering element (e.g., an talon aligned normal to the mode axis), c the speed of light, qi the backscatter phase, and D a constant that relates real time to dimensionless time. 21 The value of the backscatter phase depends on the location of the reference plane. For conservative backscattering, the frequency splitting Av of the eigenmodes follows directly from the result shown above and is given by
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Av =A = _ 2ir ir L (6) This equation is valid only for r << 1, i.e., when the frequency splitting Av is much smaller than the free spectral range (FSR) of the ring cavity, cL. In the general case the frequency splitting is given by Av = (c/irL)arcsin r. 28 In this paper we focus on purely conservative coupling. If there is a small dissipative contribution to the coupling, the two normal modes will have not only different frequencies but also slightly different damping rates, which can lead to extinction of one mode.
B. Active Ring Resonator
In this subsection we discuss an active ring resonator, i.e., a ring laser, the dynamics of which are described by Eqs. (1) and (2) . Now, besides the linear coupling, we have to take into account the nonlinear coupling also, which is due to gain saturation. We confine ourselves here to the case in which the linear coupling of the traveling waves is purely conservative; without loss of generality we may assume Wc = Wcw* = W to be real. Since the normal modes of the passive ring resonator with conservative backscattering are standing waves, we expect that the active ring resonator with backscattering is also best described in the same representation in the limit that the linear coupling W is much larger than the nonlinear one. Therefore we transform Eqs. (1) and (2) to a standingwave base' by using
where F and F 2 refer to the amplitudes of the standing waves. In the standing-wave representation, the equations of motion are then given by
The terms in Eqs. (9) and (10) It is helpful to define Fj Fj exp(i4)) and to separate Eqs. (9) and (10) into real and imaginary parts, which yields
where 21 = 2 -Al1. In deriving Eq. (13), we tacitly assume that both standing waves have nonzero amplitudes. If we allow one of the wave amplitudes to become zero, Eq. (13) should be replaced by an equation for the phase of the oscillating mode:
The effective mode-coupling parameter in this representation, i.e., the ratio of cross saturation to selfsaturation, is given by ,(t) a2 + (1 -6)cos (20 21 ) (15) where 421 is a function of W, A, a, and the time t, as follows from Eqs. (11)- (13) . We now distinguish among the three regimes 6 < 1, { = 1, and 6 > 1.
If 6 < 1, it follows from Eq. (15) that E > 1 [we assume that 2021 * (2k + 1)r with integer k]. As a consequence, for a Doppler-broadened gain medium with the oscillating cavity mode tuned away from line center, the competition between the two standing waves is strong, and one of the standing waves is extinguished. 2 9 Thus weak coupling of the traveling waves corresponds to strong coupling of the standing waves. Physically speaking, this strong coupling occurs because spatial hole burning, which normally uncouples the standing waves, is prevented by atomic motion. Owing to the backscattering, the oscillating standing wave is shifted in frequency by an amount ±W with respect to the unperturbed frequency [see Eq. (14)]. So either the standing wave with frequency a+ or that with frequency w -is oscillating, depending on the initial conditions. If { = 1, i.e., for tuning at Doppler line center, we find that E = 1; thus neutral coupling of the traveling waves leads to neutral coupling of the standing waves. The solution of the evolution equations, Eqs. (11)- (13), is easily obtained in this case and consists of two standing waves with a frequency difference 2W. This result corresponds to intensity oscillations in both the cw and ccw traveling waves coupled out from the ring laser.
If 6 > 1, we have < 1 [assuming that 2021 • (2k + 1)ir]. In this case strong coupling of the traveling waves corresponds to weak coupling of the standing waves. Physically speaking, the two standing waves are each other's spatial hole-burning mode and therefore interact weakly.
In the remaining part of this paper we restrict ourselves to a homogeneously broadened ring laser for which 6 > 1 and thus 5 < 1. Two classes of solution of the evolution equations (11)- (13) can be distinguished in this case: (i) solutions that yield stationary field amplitudes F and F 2 and a constant phase difference 4)21 (E is constant) and (ii) solutions with oscillating field amplitudes F 1 and F 2 and a time-dependent phase difference [E = 5(t)]. This distinction is evident if we examine the equation that governs the evolution of the phase difference [Eq. (13)]. Note that this equation is equivalent to the locking equation that governs the phase difference between the counterpropagating waves in a ring laser gyro: (16) which is easily derived from Eqs. (1) and (2) . As is well known, the phase difference 0 in a laser gyro is stationary (locking regime) if IBI > Al. Similarly, in the case considered here, the phase difference 4021 will lock for small values of the linear coupling W. Thus, following Kiihlke 8 we are led to introduce a critical linear backscattering coefficient W,. For W • W,, the frequencies of the standing waves are locked, i.e., 21 = 0, implying stationary-mode amplitudes F and F 2 . By putting 021 = F = F 2 = 0 in the evolution equations (11)- (13), we first calculate from Eqs. (11) and (12) an expression for the total intensity, i.e. Note that the value of Wc is proportional to the pump parameter a. At threshold, since a = 0, the critical backscattering coefficient vanishes. We now consider solutions for the regimes W W, and W > W. If the linear coupling vanishes, i.e., W = 0, the phase difference 24021 thus locks at an integral value of 2ir. The stable solution then consists of a pair of standing waves at the same frequency, which have equal or opposite phase. Depending on this phase, the solution corresponds to a traveling wave in either the cw or in the ccw direction [see Eqs. (7) and (8)]. This is of course the well-known bistable solution for a homogeneously broadened ring laser.
A graphical visualization of the locking mechanism is shown in Fig. 1 , where we have plotted '2M as a function of 2021 for different values of W/WC. In order to draw this figure, we substituted into Eq. (13) the expression derived for the total intensity given in Eq. (17) . An example is shown in Figs. 1(a) and 1(b) for WIW, = 0.5. By looking at similar curves for arbitrary values of WIW, • 1, one sees that the phase difference 4)21 will lock only in the range [0,r/2], in agreement with the calculation above.
Oscillatory Regime: W > W,;
In the oscillatory regime the phase difference 2 1 (t) evolves monotonically in time [see Figs. 1(d) and 1(f)], and, as a result, the mode-coupling parameter E as given by Centeno Neelen et al. 1 Eq. (15) oscillates between the values (3 -f)/(1 + O) s 5 1; as mentioned before, we restrict ourselves to the case in which { > 1. Because of this periodic variation of the coupling, the mode amplitudes F 1 and F 2 will also be modulated in synchronization with the phase. Of course, in the frequency domain this corresponds to sideband generation.
The depth of the amplitude modulations, V, can be calculated from Eqs. (11)- (13) and depends on a, , and W; this calculation generally requires a numerical solution method. Its maximum value, however, can be found as follows. First we note that the standing waves must have equal amplitudes at all times, i.e., Fl(t) = F 2 
(t) = F(t).
This is true because the standing waves are weakly coupled ( < 1) and furthermore because both evolution equations [Eqs. (11) and (12)] contain the same pump parameters and saturation coefficients. Therefore Eqs. (11)- (13) are reduced to a pair of equations, one for F(t) and the other for 02 1 (t). One can easily show that a range [Fmin, F.] exists within which the amplitude F is confined; i.e., outside this range F is always greater than zero for amplitudes F < Fmin and less than zero for amplitudes F > F..
The boundary values for F are given by the following expressions: In the limit WW >> 1, the time evolution of the phase difference is completely dominated by the linear coupling W, and 4021 evolves linearly in time, as shown in Fig. 1(f) . This corresponds to neglecting the second term in Eq. (13) with respect to 2W; 02, = 2W. Since in this limit the evolution equations for the amplitudes and the phase difference are effectively decoupled, we can solve them analytically (see Appendix A). This leads to
where we implicitly define in Eq. (24) the mean amplitude F and the modulation index m. So in this limit the standing-wave amplitudes are modulated with a frequency 4W and a modulation depth m. From this solution for the wave amplitude F(t) we see that m decreases with increasing W; m is reduced by a factor 2-1/2 for W = a/2. This means that the field F(t) cannot follow the rapid changes in the saturation if the frequency of the saturation oscillations, 4W, becomes larger than the system relaxation rate, 2a (see Appendix A). If Wa >> 1 then the modulation depth V (a1W) 0 . In this limit we thus have two standing waves with constant amplitudes and a frequency difference ws -w -= 2W, leading to intensity oscillations at a frequency 2W in both cw and ccw traveling waves.
If W/W, ' 1, 021 is monotonically varying as a function of time but not linearly [see Fig. 1(d) ]. This is because the evolution of 021 is slow (42 1 /W, << 1) at the minima of the phase evolution curve shown in Fig. 1(c) and fast (41/Wc >> 1) at the maxima of that curve. The timeaveraged value (21) is therefore clearly smaller than the linear coupling 2W. The nonlinear mode-coupling parameter S will now vary anharmonically, leading to anharmonic modulation of the amplitudes F and F 2 . Again the traveling-wave intensity oscillations occur, since we have two standing waves with different frequencies. Note that these intensity oscillations reflect the full complexity contained in the standing-wave solutions, i.e., the anharmonicity of the oscillations and a beat frequency smaller than 2W. Therefore a numerical solution of Eqs. (11)- (13) is sought.
NUMERICAL SIMULATIONS
A numerical solution of the standing-wave evolution equations allows us to obtain a complete picture of the beat phenomena in the intermediate regime (i.e., W/W, ' 1) and to study the transition to the asymptotic regime (W/W» >> 1). We integrated the set of standing-wave equations (11)- (13) for different backscattering coefficients and pump parameters by using a fourth-order Runge-Kutta method with step-size control. In the simulations shown we use the value f = 2 for the modecoupling parameter. This value for g is used in order to facilitate a qualitative comparison with the experimental results (see Section 4) .
Typical examples of the time dependence of the amplitudes F, = F 2 = F and the phase difference 421 are shown in Fig. 2 Fig. 2 for the values used for a and {). As mentioned in Subsection 2.B.2, the oscillating saturation leads to anharmonicity of the intensity oscillations of the traveling waves. We investigated the relative contribution of the higher-order harmonics for different backscattering rates W by Fourier analyzing the intensity oscillations of the traveling waves; the latter were obtained from the standing-wave solutions by means of Eqs. (7) and (8) . Calculated traveling-wave intensity oscillations and corresponding Fourier power spectra are shown in Fig. 3 ; note that the vertical scales of the spectra are logarithmic.
If W = W,, the harmonics at the odd and even multiples of the beat frequency are alternating in strength; the anharmonicity of the intensity oscillations is dominated by the odd harmonics [see Figs. 3(a) and 3(b) ]. This is consistent with the fact that, in the analytical approximation for a homogeneously broadened ring laser with backscattering given by Kiihlke, 8 the anharmonicity in the inten- 
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I sity oscillations is dominated by the third harmonic of the fundamental beat frequency. For increased W the alternation in strength of odd and even harmonics gradually disappears as the spectrum becomes purely monotonically decreasing. This transition is sketched in Fig. 3 for the cases W/WC = 1.06, W/WC = 3.26, and W/WC = 25. The origin of the various spectra arises from that fact that we are dealing here with a combination of amplitude modulation and phase modulation of the standing waves. The precise form of the spectra is therefore determined by the ratio of the amplitude modulation and phase modulation indices, i.e., mAM/mFM-Small values of mAM/mFM lead to Fourier spectra with harmonics of alternating strength and large values to monotonic spectra. I our case this ratio decreases by as the relative coupling strength W/WC is increased (see Fig. 3 ).
It follows from the numerical simulations that, generally, the form of the spectra is not determined only by the relative coupling strength W/WC. The degree of alternation a 1 , which we define as a 1 = (A -Ai-,)/(Ai + Ai-,)I (see Fig. 4 ), is found to depend not only on W/WC but also on a or ; note that W, depends on both a and [see Eq. (19)]. For example, we find that ai increases at constant W/W, for { --1, a -> oo. This can be explained as being a consequence of the fact that in this limit the amplitude modulation decreases [linearly with I, see Eq. (24)] such that, as a result, the phase modulation becomes relatively more important. For a homogeneously broadened ring laser, the mode-coupling parameter 6 is a constant 8 ; the form of the spectra is therefore completely determined by the ratio W/W,.
We calculated the fundamental frequency of the beat spectrum of the two standing waves as a function of W. The parameters used are a = 30 and { = 2. The result is shown in Fig. 5 . It is similar to the locking diagram of a laser gyro; in such a diagram the fundamental beat frequency of the counterpropagating traveling waves is plotted as a function of the rotation rate. 1 2 30 In the laser gyro case, locking of the traveling-wave frequencies is broken by sufficiently rapid rotation of the ring; in our case, locking of the standing-wave frequencies is broken by sufficiently strong backscattering, W.
EXPERIMENTS
We investigated the frequency splitting that is due to conservative backscattering in a ring dye laser (I = 2, E < 1). An uncoated intracavity quartz glass plate, aligned perpendicular to the mode axis, was used to provide the backscattering. The phase relations, of the waves reflected by the glass-air interfaces are easily shown to yield conservative coupling. 26 Physically speaking, energy is coupled from one mode to the other, no energy being absorbed or coupled to the outside world.
The effective reflectivity of the glass plate depends on its thickness and on the laser wavelength because these quantities determine the interference of the waves reflected from the two glass-air interfaces. By changing the laser frequency, we could vary the amount of backscattering and thus [see Eq. (6) fraction of the quartz glass (n = 1.45). Note that we varied only the amplitude and not the phase of the backscattering; the latter could be varied if one were to use two external mirrors instead of the intracavity glass plate. 6 9 We now discuss experiments performed for a single-mode and a multimode ring dye laser.
A. Single-Mode Ring Dye Laser A schematic view of the experimental setup is shown in Fig. 6 . We used a Spectra-Physics 380A ring dye laser (longitudinal-mode spacing 233 MHz), which was pumped by a Coherent CR-18 argon-ion laser. The ring laser oscillated in a single-longitudinal mode by using some of the standard intracavity optics for spectral selection, i.e., a three-plate birefringent filter (BF) and an air-spaced 6talon (El); the latter had a FSR = 75 GHz and an intensity reflectivity R = 0.30 per surface. We removed the standard unidirectional device to permit bidirectional oscillation and observed that the laser did switch bistably between the cw and ccw modes of oscillation. Introducing the backscattering element (see below) caused multilongitudinal mode oscillation of the ring laser; this oscillation was suppressed by improving the spectral selection with additional 6talon E2 (FSR = 15 GHz, inten- sity reflectivity R = 0.20 per surface). Since talons El and E2 were used for spectral selection, they had their normals slightly tilted with respect to the resonator beam axis. The backscattering was provided by thin planeparallel plate G (FSR = 900 GHz), which was aligned precisely perpendicular to the beam axis.
3
" The backscattering element and the talons were placed in that section of the ring resonator where the laser beam was approximately collimated.
We measured the optical spectrum of the ring dye laser by using a scanning Fabry-Perot interferometer with a finesse of -300. The FSR of this interferometer could be varied between 1.5 and 100 GHz. In addition we used a rf spectrum analyzer in conjunction with a fast accoupled photodiode detector (combined bandwidth 4 GHz) to measure the beat spectrum of the laser. A dc-coupled photo diode (10-MHz bandwidth) was used to measure the modulation depth of the intensity oscillations. Both photodiode amplifiers had sufficiently good linear behavior to avoid spurious anharmonicity. Finally, we measured the laser wavelength with a spectrometer (resolution 0.2 nm).
An example of an optical spectrum taken with the Fabry-Perot interferometer is shown in Fig. 7 . In this case, the ring laser was oscillating in a single longitudinal mode. The frequency splitting of this mode was observed to be 15 MHz; this value corresponds to an amplitude backscattering coefficient r = 0.2 [as derived from Eq. (6)]. If the losses of the two standing-wave normal modes are not equal, owing to some small dissipative contribution to the backscattering, the intensities of the normal modes will be different. Such asymmetry was observed in almost all our optical spectra; as an example, notice that the initially symmetric doublet shown in Fig. 7 becom6s asymmetric during a scan of the Fabry-Perot interferometer (scan time 15 msec). This observation can be explained by assuming that the position of the backscattering 4talon varies on this time scale over a fraction of a wavelength with respect to some dissipative scattering element, e.g., localized losses, elsewhere in the cavity.
By changing the orientation of the birefringent filter in the ring laser and thus the laser wavelength, we could vary the frequency splitting. However, it was not possible to do this in a continuous way, since the losses for some selected wavelengths were too high for the laser to start oscillating. This effect is due to the difference in transmission characteristics of birefringent filter BF and spectrally selecting talons El and E2. However, for wavelengths that did oscillate, we measured various frequency splittings, ranging from 1 to 20 MHz, on both the rf spectrum analyzer and the 1.5-GHz Fabry-Perot interferometer.
As discussed in Section 3, the anharmonicity of the beat should depend strongly on the relative coupling strength W/WC. We measured this anharmonicity by analyzing the intensity oscillations on the rf spectrum analyzer. An example of such a beat spectrum is shown in Fig. 8 , where the frequency splitting Av is equal to 8 MHz. Using Eq. (6), we calculate that this corresponds to an amplitude reflectivity r of the glass plate of 0.11. The strength of the nonlinear coupling can be calculated with Eq. (19) . We estimate the round-trip intensity losses and normalized pumping strength M of our cavity to be 0.20 and 1.05, respectively.
2 ' Using these values and the value = 2, together with the definition of W, [Eq. (19) ], yields a critical amplitude backscattering coefficient r 4 x 10-3. Therefore, in the example shown in Fig. 8 , the linear coupling is larger by approximately a factor of 25 than the nonlinear coupling. The beat spectrum calculated for this condition (W/W, 25) is shown in Fig. 3 (f) and is in good agreement with the experimental one (Fig. 8) .
The modulation depth of the traveling-wave intensity oscillations was investigated with the dc-coupled photodiode detector. As an example we show Fig. 9 , where the fundamental beat frequency is 1.0 MHz and the modulation depth is =90%. Using Eq. (6), we calculate that in this case the amplitude reflectivity of the glass plate was r = 0.013, so that r/r, = 3.25. This intensity oscillation can therefore be compared with that calculated for W/WC = 3.26 [see Fig. 3(c) ]. In both cases the oscillation is almost a pure sine wave.
B. Multimode Ring Dye Laser
Although the theory presented above is valid only for a single-mode ring laser, we also did some experiments in the multimode regime. We used the same ring dye laser but left out 6talons El and E2. When backscattering plate G was also omitted, the ring laser did not switch bistably between the cw and ccw modes of oscillation as in the single-mode case but instead oscillated in both directions in many longitudinal modes. The spectral width of the envelope of the oscillating modes was approximately equal to 35 GHz (see Fig. 10 ). However, not all the -150 longitudinal modes within this range were oscillating at the same time. During a scan time of the Fabry-Perot interferometer (25 ms), this number was appreciably less (Fig. 10) .
Although the rf spectrum does not allow us to draw unambiguous conclusions with respect to the optical spectrum, we could deduce, nevertheless, that a majority of the longitudinal modes showed a frequency splitting after we inserted glass plate G and aligned it perpendicular to the beam (see Fig. 11 ). We also used our Fabry-Perot interferometer to measure the optical spectrum in the case of multimode oscillation. However, in order to resolve the doublet splitting (Av < 20 MHz), we were forced to use the Fabry-Perot interferometer with a FSR of 1.5 GHz; as a consequence, we had to restrict the width of the spectral envelope of the oscillating modes to <1 GHz. This was accomplished by also inserting a weakly spectrally selecting glass talon (in a tilted orientation) into the ring laser. The result was that only approximately five modes oscillated simultaneously (with a time resolution of 25 ms). The optical spectrum of each of the five modes showed the expected doublet splitting. Apparently the simultaneous oscillation of many longitudinal modes does not eliminate the competition between the counterpropagating traveling waves that belong to each mode separately. These findings are in contrast to the statement by Kiihlke that the intensity oscillations vanish when the laser becomes multimode.' We found, however, that the modulation depth of the intensity oscillations observed in the multimode case was rather small, <2%. The value is small probably because the beats belonging to the individual oscillating longitudinal modes have random mutual phase relations. We varied the laser wavelength, i.e., the center wavelength of the 35-GHz envelope linewidth, again by changing the orientation of birefringent filter BE As this filter was the only spectrally selecting element, the laser wavelength and thus the amplitude reflectivity r of the glass plate could be tuned continuously. In fact the value of r should vary periodically, as a function of the wavelength, between 0 and 0.36, corresponding to the Fabry-Perot fringes of glass plate G. In Fig. 12 we show the frequency splitting measured with the rf spectrum analyzer as a function of the laser wavelength, which was determined by means of the spectrometer. The measured period AA = 1.15 0.05 nm corresponds to the FSR of the glass plate (1.1 nm). The maximum frequency splitting that we observed during our experiments was 21 MHz, i.e., smaller than the calculated maximum of 27 MHz [see Eq. (6), where we inserted r = 0.36 and cL = 233 MHz]. This was probably because the collimation of the laser beam was not perfect at the position of glass plate G and also possibly because the alignment of G was imperfect. Both effects lead to a reduction of the backscattering strength of the cw mode into the ccw mode (and vice versa).
CONCLUSION
When discussing frequency splitting of the eigenmodes in a ring laser, one has to consider the strengths of both the linear and the nonlinear coupling. In this paper we have emphasized that a representation of standing-wave eigenmodes is useful for discussion of these effects, in particular if the linear coupling is much stronger than the nonlinear coupling. In other treatments 4 5 6' 8 a representation of traveling-wave eigenmodes is usually employed; in that case the interpretation of frequency splitting is less direct (although mathematically equivalent). Using a basis of standing waves, one can see directly that the frequency splitting of the eigenmodes is determined by the strength of the conservative linear coupling. The nonlinear coupling determines the competition between the normal modes of the problem; this can lead to either simultaneous oscillation of both normal modes in the case of weak coupling or extinction of one of the normal modes in the case of strong coupling. Furthermore, if the linear coupling is weak, the nonlinear coupling will tend to lock the frequencies of the normal modes, resulting in a critical value for the linear coupling below which frequency splitting will not be observed.
Frequency splitting can be observed only in the case of weak coupling of the standing-wave eigenmodes, since only in that case are both eigenmodes oscillating simultaneously. One then observes intensity oscillations in both the cw and ccw beam, which are in antiphase. By measuring the optical spectrum of the laser, we have demonstrated experimental evidence of this frequency splitting caused by backscattering in a ring dye laser.
Owing to the nonlinear coupling, higher-order harmonics of the doublet splitting Av are generated. The result of these higher orders is an anharmonicity of the modulation of the traveling-wave intensities, particularly when W/W, ' 1. In the limit W/W >> 1, the intensity oscillations become purely harmonic.
We have observed that frequency splitting of the longitudinal modes also occurs in a multimode ring dye laser. The modulation depth of the corresponding intensity oscillations, however, was rather small.
APPENDIX A
In this appendix we calculate solutions of the standingwave equations [Eqs. (11)-(13)] in the limit that the amplitude and phase evolution equations are effectively decoupled, i.e., W/W >> 1. Then the second term in Eq. (13) can be neglected with respect to 2W, and the phase evolution is given by (021 = 2Wt.
From Eqs. (11)- (13) it becomes obvious that for weak coupling of the standing waves ( < 1) and equal pump and saturation parameters the standing waves must have equal amplitudes at all times, i.e., F 1 (t) F 2 (t) = F(t). The amplitude evolution equation is then given by 
